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s- and d-wave solution of Eliashberg equations with finite bandwidth
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INFM - Dipartimento di Fisica, Politecnico di Torino, c.so Duca degli Abruzzi 24, 10129 Torino, Italy
In this work, we discuss the results of the direct solution of the Eliashberg equations with finite bandwidth, in
the cases of s- and d-wave symmetry for the pair wave function and in the presence of scattering from impurities.
We show that the reduction of the critical temperature Tc due to the finite bandwidth depends on the value of
the bandwidth itself, but is almost independent of the symmetry of the order parameter. The same happens
for the shape of Z(ω) and ∆(ω). Moreover, we discuss the effect of the finite bandwidth on the shape of the
quasiparticle density of states. The results clearly indicate that the infinite bandwidth approximation leads to an
underestimation of the electron-boson coupling constant.
High-Tc cuprates and fullerenes are character-
ized by phononic energies (Ωphon) comparable
with the electronic ones (EF) while in low-Tc su-
perconductors it is always EF ≫ Ωphon. This last
condition leads to the standard Eliashberg equa-
tions [1] obtained within the limit EF → +∞. In
this paper, we study the effect of a finite band-
width [2,3] on some relevant physical quantities in
the framework of the Eliashberg theory. For sim-
plicity, we disregard the important related prob-
lem of the breakdown of the Migdal’s theorem,
and put to zero the Coulomb pseudopotential
µ∗ [4]. The kernels of the Eliashberg equations
(EE) for the renormalization function Z(ω,k) and
the order parameter ∆(ω,k) contain the retarded
electron-boson interaction α2(Ω,k,k′)F (Ω). Re-
ferring to high-Tc cuprates, we assume k and k
′
to lie in the ab plane (CuO2 plane) and call φ
and φ′ their azimuthal angles in this plane [3,5,6].
We integrate over the effective band normal to
the Fermi surface from −W to +W , and ex-
pand α2(Ω, φ, φ′)F (Ω) in terms of basis functions
ψ0 (φ) = 1 and ψ1 (φ) =
√
2 cos (2φ) in the fol-
lowing way:
α2(Ω, φ, φ′)F (Ω) = α200F (Ω)ψ0 (φ)ψ0 (φ
′)
+α211F (Ω)ψ1 (φ)ψ1 (φ
′) .
We then search for a s+ id solution with
∆n(φ) ≡ ∆(iωn, φ) = ∆s(iωn) + ∆d(iωn)ψ1 (φ)
Zn(φ) ≡ Z(iωn, φ) = Zs(iωn) + Zd(iωn)ψ1 (φ) .
In this case, and in the Matsubara representa-
tion, the Eliashberg equations in the presence of
impurities become [2,3]:
ωnZn(φ) = ωn +
kBT
pi
+∞∑
m=−∞
∫ 2pi
0
dφ′
[
λm,n (φ, φ
′)Nm(φ
′)θm(φ
′) +
Nn(φ
′)θn(φ
′)
kBTτ
]
∆n(φ)Zn(φ) =
kBT
pi
+∞∑
m=−∞
∫ 2pi
0
dφ′
[
λm,n (φ, φ
′)Pm(φ
′)θm(φ
′) +
Pn(φ
′)θn(φ
′)
kBTτ
]
θn(φ) = tan
−1
[
W/2
√
ω2nZ
2
n(φ) + ∆
2
n(φ)Z
2
n(φ)
]
λm,n (φ, φ
′) = 2
∫ +∞
0
dΩ
Ωα2(Ω, φ, φ′)F (Ω)
Ω2 + (ωn − ωm)2
where ωn = pi(2n+ 1)kBT , and τ
−1 is the impu-
rity scattering rate. Furthermore we know that:
Pn(φ) = ∆n(φ)Zn(φ)/
√
ω2nZ
2
n(φ) + ∆
2
n(φ)Z
2
n(φ)
Nn(φ) = ωnZn(φ)/
√
ω2nZ
2
n(φ) + ∆
2
n(φ)Z
2
n(φ).
Thus we have four equations for Zs(iωn),
Zd(iωn), ∆s(iωn) and ∆d(iωn). Here we only con-
sider the case Zd(iωn) ≡ 0 [6].
In our numerical analysis we put, for simplic-
ity, α211F (Ω)=gd ·α200F (Ω) where gd is a constant
and, as a consequence, λd = gd·λs [3,6]. We used
for α200F (Ω) the spectral function we experimen-
tally determined in Bi2Sr2CaCu2O8 (BSCCO) [7]
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Figure 1. (a) The critical temperature Tc versus
the bandwidth W . (b) ∆(iωn=0), at T=4 K, versus
W . The inset of (a) reports λeff versus W .
appropriately scaled to give, in both the s and d
cases, Tc = 97 K in the W = ∞ limit. The
coupling constants result to be λs = 3.15 for the
s-wave case, λs = 2 and λd = 2.3 for the d-wave
one. From the direct numerical solution of the
EE we found that the symmetry of ∆n(φ) de-
pends on the values of the coupling constants λs
and λd and, for particular values of λs and λd, on
the starting values of ∆s and ∆d.
As shown in Fig. 1 (a) and (b), the dependence
of Tc and ∆(iωn=0) at T=4 K on the bandwidth
W is almost the same in both the s- and d-wave
symmetries. The reduction of the bandwidth re-
sults in a sensible reduction of Tc and, on a minor
extent, of ∆(iωn=0). In Fig. 2 we show the d-wave
normalized density of states, calculated through
the analytical continuation with Pade´ approxi-
mants of the imaginary-axis solution, for various
values of W at T=2 K [3]. As in the s-wave case
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Figure 2. The d-wave normalized density of states,
at T = 2 K, for W=100, 350 and 10000 meV.
(not shown), the effect of a small bandwidth is
remarkable particularly at high energies. These
curves are in better agreement with tunneling ex-
perimental data than those obtained for an infi-
nite bandwidth, particularly for the presence of
a dip above the peak (at about 2∆) and because
they asymptotically tend to 1 from above.
We have also calculated the real and imaginary
parts of the functions ∆(ω) and Z(ω) in the s-
and d-wave cases. For small values of W , these
functions are markedly modified with respect to
the infinite bandwidth case, independently of the
symmetry. In the inset of Fig. 1(a) we show (only
in the s-wave case) the values of λeff necessary to
obtain Tc = 97 K, for various values of W . We
conclude that the use of the standard Eliahsberg
equations when EF ≃ Ωphon leads to underesti-
mate the real value of the electron-boson coupling
constant.
REFERENCES
1. G.M. Eliashberg, Sov. Phys. JETP 3 (1963) 696.
2. Han-Yong Choi, Phys. Rev. B 53 (1996) 8591.
3. G.A. Ummarino and R.S. Gonnelli, to be pub-
lished.
4. G.A. Ummarino and R.S. Gonnelli, Phys. Rev. B
56 (1997) 14279.
5. C.T. Rieck, D. Fay and L. Tewordt, Phys. Rev. B
41 (1989) 7289.
6. G.A. Ummarino and R.S. Gonnelli , Physica C,
in press.
7. R.S. Gonnelli et al., Physica C 275 (1997) 162.
